ABSTRACT
INTRODUCTION
ℓ(v) ∈ P, each edge e ∈ E ⊆ V ×V represents a physical interaction between the corresponding proteins, such that E is symmetric and C is connected. The graph description provides the interaction 98 topology. We call this representation a protein complex graph and define its size as |C| := |V | + |E|.
99
(This representation could be further refined by considering the different domains of each protein 100 and specifying precisely which domains interact.) 101 For the set and multiset models, a similarity measure is readily given by the Jaccard similarity (see 102 Methods). For graphs, the graph edit distance has been proposed for pattern recognition tasks more than 103 30 years ago (Sanfeliu and Fu, 1983) . A graph edit distance between graphs C and C ′ measures the total 104 costs of the edit operations required to transform C into C ′ . Defining similarity via graph edit operations 105 appears intuitive, but has computational disadvantages, as edit distance computation on graphs is hard in 106 general. More specifically, the graph edit distance generalizes the classical maximum common subgraph 107 problem (Bunke, 1997) , which is NP-complete (Garey and Johnson, 1979 ) and hard to approximate with 108 given guarantees (Kann, 1992) . Recently, a binary linear programming formulation for computing the 109 graph edit distance has been proposed (Lerouge et al., 2017) , which allows to compare graphs of moderate 110 size using state-of-the art general purpose solvers. However, when we want to compare many complexes, 111 evaluating the edit distance between all pairs becomes infeasible in practice.
112
In this article, we therefore propose an efficient alternative: We define a family of similarity measures The remainder of the article is structured as follows. In the Methods section, we define a parametric 119 family of similarity measures based on Weisfeiler-Lehman labeling and the precise definition of graph 120 edit similarity we compare against. In the Results section, we describe how we obtain pairs of protein 121 complexes, for which we compare Weisfeiler-Lehman similarity and edit similarity. The simulated protein 122 complexes take known protein interaction networks and additionally constraints between interactions into 123 account, and therefore should represent more realistic complexes than arbitrary connected subgraphs of 124 protein interaction networks. Finally, we discuss limitations and possible extensions of this work.
125

METHODS
126
Our goal is to define a similarity measure between protein complexes that captures not only the (multisets 127 of the) constituent proteins, but also the interaction topology (graph structure). Similarities derived from 128 graph edit distance offer this property, but as mentioned above, they are hard to compute. Therefore,
129
we introduce a parameterized family of similarity measures on protein complexes, which are based on 130 multiset comparisons of vertex labels in the complex graph and take the local neighborhood of each 131 protein into account by using Weisfeiler-Lehman labels.
132
Jaccard similarity of sets and multisets
133
To compare sets or multisets, Jaccard similarity coefficients are an established measure.
134
Let M ⊆ U and M ′ ⊆ U be two subsets of a common universe U. Then the Jaccard similarity between M and M ′ is defined as
This definition is extended to multisets as follows. Recall that multisets M and M ′ are functions U → N 0 , assigning multiplicities M(o) and M ′ (o) to each object o ∈ U. (The set definition can be seen as the special case where the value set is only {0, 1} instead of N 0 .) Then the Jaccard similarity between M and M ′ is defined as 
Note that the second component of the new label is a multiset.
145
To avoid that the length of labels increases in each iteration, label compression is performed after each 146 step in practice. This is achieved by a one-to-one mapping of the labels {ℓ i (v) | v ∈ V } to integer labels.
147
Given the Weisfeiler-Lehman labeling function of a protein complex graph for some iteration i, we
148
can now define the multiset of Weisfeiler-Lehman features for iteration i. 
153
To compare two complexes C and C ′ , we compare the iteration sequences of Weisfeiler-Lehman features (WL i (C)) i≥0 and (WL i (C ′ )) i≥0 , by computing a convex combination of the Jaccard similarities for each iteration. Let w = (w i ) i≥0 be a weight sequence with w i ≥ 0 for all i ≥ 0 and ∑ i≥0 w i = 1. For w as just defined, let
where J multiset is given by Eq. 
162
In practice, we may assume that most protein complexes are non-adversarial graphs with sufficiently 163 simple structure such that their Weisfeiler-Lehman features are appropriate to characterize their similarity.
164
In fact, we put forward the hypothesis that using a single iteration is frequently sufficient for practical 
169
Lemma 3. For ω ∈ [0, 1], each of the one-parameter similarity measures relabeling which has a cost of 2, corresponding to one deletion and one insertion (leaving the edges in 178 place). Note that deleting or inserting a vertex of degree k otherwise has cost k + 1 for deleting k edges 179 and the vertex itself. We denote the set of all possible edit paths from G to H by ϒ(G, H).
180
Definition 4. Let G and H be labeled graphs. The graph edit distance from G to H is defined by
Intuitively, the graph edit distance preserves a subgraph G ′ of G that is also contained in H using zero-cost substitutions, deletes the vertices and edges in G that are not in G ′ and then inserts vertices and edges to obtain an isomorphic copy of H. Therefore all non-zero costs can be attributed to the elements which are in one of the graphs, but not in their common subgraph. In this sense the graph edit distance is similar to the symmetric difference of two sets. This observation motivates the following normalized similarity measure derived from the graph edit distance. We define the graph edit similarity as
where |G| := |V (G)| + |E(G)|. Note that the graph edit distance between G and H is at most |G| + |H|, 
188
Proof. An optimal graph edit path is obtained as follows: We substitute the vertices with common labels free of cost, which are Z = ∑ p∈P min{C(p), D(p)} in total. We delete the remaining |G ′ |−Z vertices in G ′ and insert |H ′ |−Z vertices to obtain an isomorphic copy of H ′ at a total cost of
Instead we may also substitute up to ||G ′ | − |H ′ || vertices, each at cost two, which results in the same total cost. Using the fact that |G ′ | = ∑ p∈P C(p) and |H ′ | = ∑ p∈P D(p), we obtain the result by calculating
189
Lemma 5 shows that the graph edit similarity can indeed be seen as a natural extension of the multiset
190
Jaccard similarity to graph structured data.
191
For our computations, we used a recent binary linear programming formulation to compute the graph were solved using an academic license of Gurobi 7.5.2 on Linux x86-64.
194
RESULTS
195
Hypothesis
196
We hypothesize that the Weisfeiler-Lehman based family of similarity measures S ω defined in Eq. 
Data generation
200
As mentioned in the Introduction, obtaining real protein complex graphs is difficult at the moment, 
209
It is important to realize that protein interactions are not independent of each other, but interdependent.
210
Those interaction dependencies are generated by two major mechanisms. On the one hand there is 
220
With constrained protein interaction networks, we can stochastically simulate complex formation 221 based on the available knowledge and obtain a detailed interaction topology (which proteins physically 222 interact) for each complex.
223
To evaluate the Weisfeiler-Lehman based similarity ("WL similarity") against the edit distance based 224 similarity ("edit similarity"), we computed both similarity measures on selected pairs of 100 000 simulated 
226
Since edit similarity computations are computationally costly, we only computed the edit similarity on 227 500 000 candidate pairs from these simulated complexes. These candidate pairs were generated for all we required one common protein) and comparatively few pairs with edit similarity above 0.5. To achieve 
Similarity comparison
239
We first consider three exemplary pairs (Figure 1 A-C) with edit similarities of approximately 0.7, 0.8 240 and 0.9, respectively, the latter being the most similar observed pair. Overall, we find good agreement between edit similarity and WL similarity for sufficiently large 260 values of ω, i.e., if the Jaccard similairity of the constituent protein multiset has sufficiently high weight. 
Reproducibility
262
The performed data analysis is available as a reproducible Snakemake (Köster and Rahmann, 2012) 263 workflow 1 .
264
DISCUSSION
265
Our motivation to consider protein complex similarity was to reduce the complexity of the simulation 
281
From a biological point of view, a high similarity between two complexes should indicate a high 282 probability that they share the same function and can substitute each other in a cellular process. If such 283 information were available, we could evaluate each similarity measure with regard to how it relates 284 to common function. At present, when not even the interaction topology of most complexes has been 285 determined, the corresponding data is out of reach, and such an evaluation is not feasible. In this situation,
286
we suggest that edit similarity is a measure that corresponds to intuition about similarity and that any 287 reasonable similarity measure should be close to edit similarity. 
